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In this paper, a numerical procedure, incorporated with the ﬁnite element method, is developed for calculation of the
mixed-mode stress intensity factors along a 3D curved crack with non-planar surfaces. The approach is formulated by
modifying the concept of the Jk- and GIII-integrals. Note that the property of path-independence for curved cracks does
not hold in a manner as that for straight cracks and needs to be properly modiﬁed. As a consequence, the near-front region
is always included in the integration. An appropriate numerical method is therefore developed for simulating the associ-
ated singular behavior. Since no extra auxiliary solutions are required for the computation, the proposed method appears
to be versatile and can be used for evaluation of the stress intensity factors associated with crack front and crack surfaces
of arbitrary curvatures.
 2006 Elsevier Ltd. All rights reserved.
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The crack geometry is one of the major factors that inﬂuences the overall resistance for many engineering
structures. For two-dimensional problems, the crack may be straight or curved. In three dimensions, the crack
front may be either straight or curved, and also the crack surfaces may be non-planar. The fracture behavior
associated with three-dimensional cracks thus depends on both the crack front curvature and the crack surface
curvature. Numerous analytical studies on description of the mixed-mode asymptotic stress behavior for some
special cases of curved shapes for either planar or non-planar cracks have been performed (e.g., Sih et al.,
1962; Cotterell and Rice, 1980; Dreilich and Gross, 1985; Chen, 1999, etc.). Nevertheless, more detailed inves-
tigations on the near-tip singular behavior for cracks of general curved shapes are still in need.
The mixed-mode singular near-tip stress ﬁeld for a crack tip in linear elasticity can be eﬀectively character-
ized by the stress intensity factors (SIFs). Direct evaluation of the SIFs with numerical schemes such as ﬁnite0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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Alternatively, the SIFs for straight cracks (in two dimensions) and cracks with planar surfaces (in three
dimensions) can be determined by using various types of contour and surface (or domain) integrals, e.g.,
the Jk-integrals (Knowles and Sternberg, 1972; Budiansky and Rice, 1973), interaction integral (Stern et al.,
1976), M1-integral (Chen and Shield, 1977), and domain integral (Nikishkov and Atluri, 1987; Shivakumar
and Raju, 1992), etc. While most of these integrals are based on similar concept, they were developed with
the appearance of varying forms. Note that, when mixed-mode loading conditions are considered, the asymp-
totic singular behavior is always inevitably included in evaluating any of the aforementioned integrals.
As to curved cracks with non-planar surfaces, the conventional concept of the above integrals is no longer
valid and needs to be modiﬁed. A number of attempts have therefore been proposed for calculation of fracture
parameters associated with such crack geometry. For example, for two-dimensional problems, the SIFs have
been evaluated by using contour integrals (accompanied by a surface integral) for cracks of circular arc
(Lorentzon and Eriksson, 2000) and various types of curvature (Chang and Wu, 2006). Also, boundary inte-
gral (Sladek and Sladek, 1983), surface integral (Forth and Keat, 1996), hypersingular boundary integral
(Dominguez and Ariza, 2000), interaction energy integral (Gosz and Moran, 2002), and domain integral (Eri-
ksson, 2002) were developed for applications containing three-dimensional cracks. It should be noted that, in
order to perform these integrals, proper auxiliary solutions associated with the prescribed crack geometry are
usually required. Therefore, to the authors’ knowledge, no general formulation associated with ﬁnite element
method for problems containing non-planar cracks of arbitrary curved shapes has been presented.
In this paper, a numerical procedure is developed for calculation of the mixed-mode stress intensity factors
for three-dimensional cracks where both the front and the surfaces may be curved. The approach is based on
the concept of the Jk- and GIII-integrals. By comparing with the other types of integrals, Jk and GIII appear to
be attractive in practice since no extra auxiliary solutions are required in their formulation. With this superi-
ority, they can thus be generally applicable for problems of varieties of curved shapes. Nevertheless, the sin-
gular mechanical behavior in the near-front region is always involved in the calculation and special attention is
therefore addressed for accurate solutions. No particular singular elements are used in the calculations.
2. The surface integrals for curved cracks
Consider a crack in a three-dimensional homogeneous elastic body (Fig. 1), where both the front and the
surfaces are of arbitrary curved shape. We introduce a local coordinate system originating at a point O along
the crack front. The x2-axis is perpendicular to the tangential plane of the crack surface, while the x1- and x3-
axes lie in this plane and are normal and tangent, respectively, to the crack front. Note that expressions for the
asymptotic mixed-mode stresses in the immediate neighborhood of the crack tip O are the same for cracks
with either planar or non-planar surfaces in that they are applied in the near-tip region where the crack front
lying asymptotically along the x3-axis and the crack surfaces lying on the x1–x3 plane.
The Jk-integral was originally deﬁned in two dimensions as contour integrals taken around a singular point.
For a curved crack in three dimensions, by taking a curved tubular surface Si of radius q around the near-tip
part of the crack front (Fig. 2a), the pointwise Jk-integrals associated with crack tip O are deﬁned over Si asJk ¼ lim
q=L!0
L!0
Z
Si
Wnk  rmjnj oumoxk
  
da; k ¼ 1; 2 ð1Þwhere xk are the Cartesian components of the local curvilinear coordinate system, W is the strain energy den-
sity of the material, um are the Cartesian components of the displacement vector (m = 1,2,3), nj are the Carte-
sian components of outward unit vector normal to Si (j = 1,2,3), a is the area over the surface, and L is the arc
length in the curvilinear x3-direction. Transverse section of the surface in the x1–x2 plane is shown in Fig. 2b,
where (r,h) denote the polar components of the local coordinate. Still, Eq. (1) is valid for both planar or non-
planar cracks in that the surface of integration, Si, is deﬁned as a tube encircling the portion of crack front and
shrinking onto the tip O (this limiting case is not shown in Figs. 2a and 2b).
Physically, the ﬁrst component of Jk (i.e., J1) is identiﬁed as the pointwise energy release rate at point O due
to crack advancing along its original orientation (i.e., x1-axis) and is often employed as a critical energy
Fig. 1. A 3D crack with both the front and the surfaces of arbitrary curved shape.
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Fig. 2a. Integration surfaces for the Jk- and GIII-integrals.
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at tip O can be related to the SIFs asJ 1 ¼ 1 m
2
E
ðK2I þ K2IIÞ þ
1þ m
E
K2III ð2Þ
Fig. 2b. Transverse section of the surface in the x1–x2 plane.
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associated with modes I, II, and III at point O, respectively. As regards the other component J2, it can be re-
lated to the SIFs at O asJ 2 ¼  2ð1 m
2Þ
E
KIKII ð3ÞIn order to solve the three SIFs, an additional condition is required. A commonly used approach is by using
the GIII-integral deﬁned asGIII ¼ lim
q=L!0
L!0
Z
Si
W IIIn1  r3jnj ou3ox1
  
da ð4Þwhere WIII=r3jde3j (j = 1,2,3). The relation between GIII and KIII at O can be expressed asGIII ¼ 1þ mE K
2
III ð5ÞNote that detailed descriptions on the basic concepts of Eqs. (1)–(5) were given by Cherepanov (1979).
It is indicated by Eqs. (2), (3) and (5) that, the SIFs and, consequently, the corresponding stress ﬁeld can be
determined should the Jk- and GIII-integrals be properly evaluated. However, when the problems are solved by
using numerical schemes such as ﬁnite element method, the discretized solutions will in general describe the
behavior around the crack front more or less accurately, depending on the degree of local grid reﬁnement
and/or the adoption of special singular elements. Therefore, direct calculation of Eqs. (1) and (4) over Si with
numerical solutions appears to be diﬃcult.
3. Modiﬁed surface-independence
As described, the integration surface Si for Jk and GIII is deﬁned as a tubular surface encircling the crack
front and shrinking onto the crack tip O. When there is no body force and the crack surfaces are traction-free,
it is well known for a planar straight crack that the J1-integral can be carried out over any outer surface, say,
So, and the result remains unchanged. This property is termed surface-independence. However, modiﬁcations
on this characteristic should apply for non-planar curved cracks. To this end, we consider the simply con-
nected cylindrical domain bounded by the closed surface S = C1  Si + C2 + So + A1 + A2, which contains
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that C1 and C2 are the portions enclosed by So over the non-planar crack surfaces, which are terminated at the
crack front (again, this limiting case is not shown in Figs. 2a and 2b). Also, A1 and A2 are the side surfaces of
the cylinder. By applying divergence theorem under the state of equilibrium, i.e., orij/oxj = 0, we can have the
Jk-integrals rewritten asJk ¼
Z
So
Wnk  rmjnj oumoxk
  
daþ
Z
A1þA2
Wnk  rmjnj oumoxk
  
daþ
Z
C1þC2
Wnk da; k ¼ 1; 2 ð6ÞEq. (6) indicates that, in addition to the surface integral over So, two additional surface integrals over A1 + A2
and C1 + C2 must be included. The idea of surface-independence is thus needed to be modiﬁed by including
these additional integrals. Note that, although these additional surface integrals can be avoided by taking the
‘separation’ of Jk (Nikishkov and Atluri, 1987) for planar straight cracks, they are generally not neglected for
non-planar curved cracks in that the local geometric conﬁguration is not symmetric with respect to the non-
planar crack surfaces.
Similarly, we consider the simply connected cylindrical domain bounded by S, and apply divergence theo-
rem under the state of equilibrium, i.e., or3j/oxj = 0. As a consequence, the GIII-integral can then be rewritten
asGIII ¼
Z
So
W IIIn1  r3jnj ou3ox1
  
daþ
Z
A1þA2
W IIIn1  r3jnj ou3ox1
  
daþ
Z
C1þC2
W IIIn1 da
þ
Z
V
oW III
ox1
 r3j o
2u3
ox1 oxj
  
dV ð7Þwhere V is the domain bounded by the closed surface S, with its transverse section in the x1–x2 plane shown by
the shaded region (Fig. 2b). As shown in Eq. (7), in addition to the surface integrals over So, A1 + A2, and
C1 + C2, an extra domain integral in V must be included. With this, the idea of surface-independence for GIII
is further modiﬁed by including this additional domain integral.
Although the remote surface So can be arbitrarily chosen, the extra surface segments C1 + C2 should both
be terminated in the near-front region. Also, the side surfaces of the cylinder A1, A2, and the domain V all
include the near-front region as q approaches zero in the limiting case, by deﬁnition. With these portions
of surface and domain integrals, the asymptotic singular behavior is thus inevitably involved and cautious
investigation is therefore necessary.
4. Treatment of the singular behavior
As aforementioned, the asymptotic singular behavior in the near-front region is always involved when the
integration is performed over the surfaces A1 + A2, C1 + C2, and the domain V. Here, by observing the numer-
ical results from ﬁnite element calculation, it is found that evaluation over A1 + A2 and V in general yields
accurate solutions, i.e., the calculation is very insensitive to the local ﬁnite element models in the crack front
region. Nevertheless, computation over C1 + C2 (i.e., the non-planar crack surfaces) with ‘ordinary’ ﬁnite ele-
ment solutions appears to be diﬃcult and special treatment for the surface integral in the near-front region is
therefore required.
In order to accurately evaluate the integration over the non-planar crack surface segments C1 and C2, we
consider the third terms on the right hand side of Eqs. (6) and (7) being separated, respectively, as follows:Z
C1þC2
Wnk da ¼
Z
ðC1RLÞþðC2RLÞ
Wnk daþ
Z L=2
L=2
Z R
0
hW ink drdx3; k ¼ 1; 2 ð8Þ
Z
C1þC2
W IIIn1 da ¼
Z
ðC1RLÞþðC2RLÞ
W IIIn1 daþ
Z L=2
L=2
Z R
0
hW IIIin1 drdx3 ð9Þwhere C1  RL and C2  RL are the portions of C1 and C2, from which the near-front portion RL are sub-
tracted (Fig. 3(a)), R denotes the length of the region in the x1–x2 plane where singular behavior dominates
Fig. 3. R, the length of the region where singular behavior dominates in the x1–x2 plane.
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across the crack surfaces, respectively. The last terms of Eqs. (8) and (9) typically cause diﬃculty in ﬁnite ele-
ment computations. A treatment of the integration in the near-front region is proposed as follows.
In order to accurately integrate hWi and hWIIIi, we need to investigate its asymptotic mechanical behavior
in the near-front region. While the strain energy density W at the front is of r1 singularity, it can be shown
(Eischen, 1987) that hWi is dominated by r1/2 in that the leading term r1 of W is canceled in evaluating the
discontinuity across the crack surfaces. Similarly, hWIIIi is also dominated by r1/2. In such a case, the last
terms of Eqs. (8) and (9) can then be written in terms of the following approximate expression asZ L=2
L=2
Z R
0
hW ink drdx3  KnkR1=2; k ¼ 1; 2 ð10Þ
Z L=2
L=2
Z R
0
hW IIIin1 drdx3  KIIIn1R1=2 ð11Þwhere the multipliers K and KIII are invariant for a given boundary value problem, i.e., they depend upon the
geometry, loading condition, and the material property, but not on R.
From Eqs. (6), (8) and (10), Jk can be represented as
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Z
So
Wnk  rmjnj oumoxk
  
daþ
Z
A1þA2
Wnk  rmjnj oumoxk
  
da
þ
Z
ðC1RLÞþðC2RLÞ
Wnk daþ KnkR1=2; k ¼ 1; 2 ð12ÞNote that the ﬁrst three terms on the right hand side of Eq. (12) can be accurately evaluated with ﬁnite element
approximations. For k = 1, nk(=n1) vanishes asymptotically asR! 0 in that the crack surfaces lying tangentially
along the negative x1-direction. Therefore, J1 can be properly calculated by direct use of ﬁnite element solutions.
On the other hand, fork = 2, nk(=n2) approaches unity asymptotically in the near-tip region.As a consequence, J2
cannot be computed directly sinceK remains unknown.Nevertheless, we observe that J2 andK are both invariant
for a given boundary value problem, they can then be determined from the set of data associated with diﬀerent
selections of R. Accuracy can be achieved as long as the values of R are taken to be small enough. Details on
the computation procedure and choices of the values of R are depicted in the following numerical examples.
As to GIII, from Eqs. (7), (9) and (11), the integral can be rewritten asGIII ¼
Z
So
W IIIn1  r3jnj ou3ox1
  
daþ
Z
A1þA2
W IIIn1  r3jnj ou3ox1
  
da
þ
Z
V
oW III
ox1
 r3j o
2u3
ox1 oxj
  
dvþ
Z
ðC1RLÞþðC2RLÞ
W IIIn1 daþ KIIIn1R1=2 ð13ÞSince the last term of Eq. (13) vanishes as R! 0 asymptotically, GIII can then be directly calculated with ﬁnite
element approximations.
5. Numerical examples
Two numerical example problems are presented in the following two subsections. Particular interest for
both problems is addressed to simulation of the dominant singular behavior of hWi in the near-front region.Fig. 4. A specimen containing a circular crack (of radius l) with spherical surfaces (of radius a).
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gular element is used throughout the study.
5.1. Problem 1 – Circular crack with spherical surfaces
In this problem, we consider a specimen containing spherical crack surfaces (of radius a) delimited by a
circular crack front (of radius 1), as shown in Fig. 4. The values of 1 and a are relatively small compared with
those of w and B so that the eﬀect due to ﬁnite width of the specimen can be neglected. The specimen is sub-
jected to surrounding radial stress and longitudinal stress in the global z-direction, both of magnitude r. Note
that both the crack geometry and the loading condition are axially symmetric with respect to z-axis. Although
this problem can be solved by using a simpliﬁed axisymmetric solution scheme, a three-dimensional ﬁnite ele-
ment approach is used here in order to demonstrate feasibility of our formulation.
The study in this problem is organized as follows. First, numerical results of discontinuity of the strain
energy density from local ﬁnite element approximation in the near-front region are investigated. Secondly,
the computation procedure for evaluation of the Jk- and GIII-integrals is illustrated. Subsequently, the prop-
erty of modiﬁed surface-independence is examined. Finally, the associated SIFs are evaluated. Note that, in
ﬁnite element calculations, the integration is performed with a ﬁnite length L spanning two elements along
the crack front in x3-direction. This indicates that, instead of the pointwise values of Jk and GIII, the integrated
values over L (i.e., JkL and GIIIL) are actually evaluated in practice.Fig. 5. (a) The ﬁnite element model for a quarter of the specimen in Fig. 4. (b) The enlarged portion of the local near-front mesh.
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quarter of the specimen is considered due to symmetry. In order to be able to use Eqs. (12) and (13), it is
emphasized that the values of R in the ﬁnite element calculation must be chosen small enough to be inside
the zone of the dominance of the asymptotic solution. The discretized model is therefore progressively reﬁned
as the elements approaching the crack front. Details of the mesh in the vicinity of the near-front region is
shown in Fig. 5(b). To investigate the behavior of the local ﬁnite element approximations, the values of
hWi across the crack surfaces sampled at the integration points of the ﬁnite elements are shown in Fig. 6,
where r/2l is the scaled radial distance to the crack front. The results show that, in such a case, the ﬁnite ele-
ment approximations in the region within 5% of the frontal radius l substantially describe the asymptotic
behavior of hWi, excluding the appearance of imprecision at those points located in the elements directly adja-
cent to the crack front. The validity of the solution is demonstrated by observing the asymptotic slope of the
interpolated curves (i.e., 0.498), which are well consistent with the anticipated analytic result (i.e., 0.5).
Next, by arbitrarily choosing a surface So far from the crack front, we have the results of the integrations
associated with crack tip O tabulated in Table 1. The data in the second and third rows represent the sums of
the ﬁrst three terms on the right hand side of Eq. (12) with respect to a number of diﬀerent selections of R.
Also, the fourth row represents the sums of the ﬁrst four terms on the right hand side of Eq. (13). Note that
the scale in the near-front region is chosen to be within the range of 0.05l in order for validity of dominance of
the asymptotic behavior. The results for J1L and GIIIL in Table 1 appear to be rather insensitive to the cutoﬀ
radius R in that n1 in Eqs. (10) and (11) vanishes asymptotically, as expected. Also, the result for J2L with
respect to R = 0 is not valid for use due to the appearance of FE imprecision. Instead, substituting the data
in each column of Table 1, except for those associated with R = 0, into Eq. (12) yields a set of linear equations.
By solving the unknowns J2L and K with a least square solution scheme, we then have-3-4
-0.5
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log (r/l)
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<
W
>
(Note: 1= 0.707 m, a = 1 m, w = 10 m, B = 20 m, E = 1 Pa, ν = 0.3, σ = 1 Pa)
Fig. 6. The local ﬁnite element solutions along the crack surfaces for Problem 1.
Table 1
The results for the Jk- and GIII-integrals for Problem 1
R/l (102) 0 0.690 1.172 2.248 3.558 4.668
Sum of the ﬁrst three terms in Eq. (12) (101 Pa m)
k = 1 2.471 2.471 2.471 2.470 2.471 2.471
k = 2 4.983 1.356 1.381 1.413 1.455 1.485
Sum of the ﬁrst four terms in Eq. (13) (101 Pa m)
0.003 0.003 0.003 0.003 0.003 0.003
Note: l = 0.707 m, a = 1 m, w = 10 m, B = 20 m, E = 1 Pa, m = 0.3, r = 1 Pa.
Table
The nu
101 P
Note:
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Z
So
Wnk  rmjnj oumoxk
  
daþ
Z
A1þA2
Wnk  rmjnj oumoxk
  
daþ
Z
ðC1RLÞþðC2RLÞ
Wnk da
þ 1:319 101R0:5dk2; k ¼ 1; 2 ð14Þ
where L is taken to be 0.370 in the calculation, and dk2 are the components of Kronecker delta. The numerical
results of Jk and GIII are shown in Table 2. Note that, while GIII vanishes analytically under such axisymmetric
geometric and loading conditions, the numerical solution appears to be vanishingly small. Further, in order to
investigate the eﬀect of the local ﬁnite element approximations, several meshes are constructed by successively
reﬁning the size of local elements in the near-front region. Although not depicted in detail here, the results
appear to be rather insensitive to the local ﬁnite element mesh in that the near-front FE solutions are not
directly used in the integration.2
merical results of Jk and GIII for Problem 1
J1 J2 GIII
a m 6.673 3.366 0.008
l = 0.707 m, a = 1 m, w = 10 m, B = 20 m, E = 1 Pa, m = 0.3, r = 1 Pa.
Fig. 7. Three integration surfaces for the surface integrals in Problem 1.
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diﬀerent region of the ﬁnite element mesh, are deﬁned in the calculation. The associated exterior contours So’s
of these surfaces are depicted in Fig. 7(a)–(c). As illustrated in Eqs. (6) and (7), the calculation consists of sev-
eral parts, including integrations over the surfaces So, A1 + A2, C1 + C2, and the domain V (for GIII only). The
results of each part corresponding to R = (1.172 · 102l)m are shown in Table 3. The ﬁnite element calcula-
tion from diﬀerent surfaces in general yields very similar results. Especially, although the integration over
C1 + C2 is almost negligible for J1, it makes rather signiﬁcant contribution to the computation for J2 and thus
accounts for the ‘modiﬁed’ sense of surface-independence. Still, GIII is relatively small in this problem.
The FE results of KI, KII, and KIII, as evaluated by using Eqs. (3) and (5), are listed in Table 4. Also listed in
the table for comparison are the analytical solutions (Martynenko and Ulitko, 1978) and numerical solutions
from diﬀerent approach (Gosz and Moran, 2002). The solutions are normalized with respect to the nominal
factor Kn = (2/p)s(pl)
0.5. It is observed that the results appear to be very close to each other.
5.2. Problem 2 – Curved crack with cylindrical surfaces
In this example, we consider a curved crack with cylindrical crack surfaces. The crack front is delimited by
mapping a penny-shaped circular contour of radius l onto an imaginary circular cylindrical surface of radius a
(Fig. 8(a)). The projected crack curve and crack surface onto the x–y plane and the transverse section in the x–
z plane are shown in Fig. 8(b). Two loading conditions are considered, i.e., uniform remote pure shear stress
s = 1 Pa in the y–z plane (case I) and uniform remote tensile stress r = 1 Pa in the z-direction (case II). Still,
the following study includes investigation of the near-front ﬁnite element approximations, evaluation of the
surface integrals, examination of the property of modiﬁed surface-independence, and calculation of the asso-
ciated SIFs.
First, by using the ﬁnite element representation shown in Fig. 9(a) (a half of the specimen due to symmetry,
with the enlarged portion of the local near-front mesh shown in Fig. 9(b)), the values of hWi across the crack
faces sampled at the integration points of the ﬁnite elements along radial direction in the immediate neighbor-
hood of the crack tip O (with / = 60) for both loading conditions are shown in Fig. 10(a) and (b). The
asymptotic slope (i.e., 0.501 and 0.500, respectively) of the interpolated curves is well consistent with
the analytic result (=0.5), as anticipated.Table 3
Surface-independence for Problem 1 (unit: 101 Pa m)R
So
+
R
A1þA2 +
R
C1þC2 =   
R
So
+
R
A1þA2 +
R
C1þC2 =   
(Eq. (6))
Surface 1 2.583 0.131 0.019 2.471 1.629 0.081 0.167 1.381
Surface 2 2.559 0.103 0.014 2.470 1.682 0.103 0.199 1.380
Surface 3 2.540 0.082 0.011 2.469 1.753 0.132 0.238 1.383
R
So
+
R
A1þA2 +
R
C1þC2 +
R
V =   
(Eq. (7))
Surface 1 0.000 0.002 0.000 0.001 0.003
Surface 2 0.001 0.001 0.000 0.001 0.003
Surface 3 0.001 0.001 0.000 0.001 0.003
Table 4
The results of normalized SIFs for Problem 1
KI/Kn KII/Kn KIII/Kn
Eqs. (3) and (5) 0.871 0.236 –
Martynenko and Ulitko (1978) 0.877 0.235 –
Gosz and Moran (2002) 0.875 0.225 –
Note: l = 0.707 m, a = 1 m, w = 10 m, B = 20 m, E = 1 Pa, m = 0.3, r = 1 Pa.
Fig. 8. (a) A curved crack with cylindrical crack surfaces by mapping a penny-shaped circular contour of radius l onto a cylindrical
surface. (b) The projection onto the x–y plane and the transverse section in the x–z plane.
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right hand side of Eq. (12) at / = 60 with respect to diﬀerent selections of R. The results (case I) are tabulated
in the second and third rows of Table 5. Also, the fourth row represents the sums of the ﬁrst four terms on the
right hand side of Eq. (13). By substituting the data into Eq. (12) and solving the unknowns JkL and K, we
then haveJkL ¼
Z
So
Wnk  rmjnj oumoxk
  
daþ
Z
A1þA2
Wnk  rmjnj oumoxk
  
da
þ
Z
ðC1RLÞþðC2RLÞ
Wnk daþ 1:172R0:5dk2; k ¼ 1; 2 ð15Þwhere L is taken to be 1.07 in the calculation. Note that the scale in the near-front region be within the range
of 0.05l.
Next, we calculate the integrals by using three arbitrarily chosen integration surfaces at / = 60 and the
numerical results are shown in Table 6 (case I) and Table 7 (case II). The property of surface-independence
is evident in the numerical results.
The FE results of KI, KII, and KIII associated with crack tip O for both loading conditions are calculated by
using Eqs. (3) and (5), as shown in Table 8. The solutions are normalized with respect to the nominal factor
Fig. 9. (a) The ﬁnite element model for a half of the specimen in Fig. 8. (b) The enlarged portion of the local near-front mesh.
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05 (case I) and r(pl)0.5 (case II). Also listed in the table for comparison are solutions from diﬀerent
solution scheme (Abe et al., 1984). The computed results appear to be in close agreement.
It is important to note that, since the equilibrium state is satisﬁed only weakly in ﬁnite element computa-
tion, three interesting features due to such a characteristic in the above numerical examples need to be hereby
addressed. First, it is observed in Table 2 that, while GIII vanishes analytically under the geometric and loading
conditions in Problem 1, the numerical solution appears to be only vanishingly small. Secondly, although the
property of surface-independence for Jk- and GIII-integrals is veriﬁed analytically, slight deviations among the
numerical results from diﬀerent surfaces are observed in Tables 3, 6 and 7. Thirdly, FE results for hWi shown
in Figs. 6 and 10 imply that the asymptotic behavior in the near-front region is numerically simulated in an
averaged sense. This indicates that cautious investigation on the local near-front FE approximation is always
required when evaluating J2 with Eq. (12). As a matter of fact, accuracy can be appropriately achieved by tak-
ing the set of data in Table 1 (or Table 5) associated with a number of R’s extended in the near-front region
and using a least square scheme for solution of J2 and k. On the other hand, directly solving Eq. (12) by pick-
ing a pair of data with respect to two arbitrarily selected R’s usually leads to rather signiﬁcant deviation to the
solutions.
6. Conclusion
Although the concept with application of Jk and GIII for evaluation of the SIFs for 3D cracks with planar
surfaces is not a new idea, it is rarely used for problems containing non-planar crack surfaces due to the dif-
ﬁculties in modeling the near-tip singular behavior. In this paper, a numerical procedure is presented by mod-
ifying the Jk- and GIII-integrals for calculation of the mixed-mode stress intensity factors for curved cracks
with non-planar surfaces. In such a case, these integrals are shown to be surface-independent in a modiﬁed
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Fig. 10. The local ﬁnite element solutions along the crack surfaces for Problem 2, (a) case I, (b) case II. (Note: l = 1 m, a = 2 m, E = 1 Pa,
m = 0.3).
Table 5
The results for the Jk- and GIII-integrals for Problem 1 (case I)
R/l (102) 0 0.230 0.600 1.180 2.120 3.620
Sum of the ﬁrst three terms in Eq. (12) (Pa m)
k = 1 1.185 1.185 1.185 1.185 1.185 1.185
k = 2 0.566 0.043 0.079 0.116 0.159 0.210
Sum of the ﬁrst four terms in Eq. (13) (Pa m)
0.746 0.746 0.746 0.746 0.746 0.746
Note: l = 1 m, a = 2 m, E = 1 Pa, m = 0.3, s = 1 Pa.
Table 6
Surface-independence for Problem 2 (case I) (unit: Pa m)
J1 J2 GIII
Surface 1 1.108 0.011 0.697
Surface 2 1.108 0.011 0.694
Surface 3 1.109 0.010 0.691
Note: l = 1 m, a = 2 m, E = 1 Pa, m = 0.3, s = 1 Pa.
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these integrals thus appears to be diﬃcult. The developed technique is therefore addressed to modeling of the
Table 7
Surface-independence for Problem 2 (case II) (unit: 101 Pa m)
J1 J2 GIII
Surface 1 9.338 6.212 0.508
Surface 2 9.352 6.197 0.511
Surface 3 9.356 6.187 0.513
Note: l = 1 m, a = 2 m, E = 1 Pa, m = 0.3, r = 1 Pa.
Table 8
The results of normalized SIFs for Problem 2
KI/Kn KII/Kn KIII/Kn
Case I
Eqs. (3) and (5) 0.005 0.379 0.414
Abe et al. (1984) 0.005 0.384 0.411
Case II
Eqs. (3) and (5) 0.515 0.211 0.112
Abe et al. (1984) 0.516 0.212 0.114
Note: l = 1 m, a = 2 m, E = 1 Pa, m = 0.3.
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lar elements in the computation.
By comparing with the other approaches, the proposed computation scheme appears to be more straight-
forward in practice since neither a priori information nor extra auxiliary solutions corresponding to the sin-
gular behavior are required. In addition, it is not necessary to form a local FE mesh that is symmetric with
respect to the crack surfaces. Due to these superiorities, the method appears to be more applicable for
non-planar cracks with arbitrary shapes of crack surface curvature.
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